The torsion group of a radical field extension is defined and its structure determined using a theorem of Kneser. In the case of a number field, a representation theorem is proved characterizing all abelian groups that can appear as torsion groups of a radical extension.
Let F be a field with multiplicative group F*. Let K be an extension of F and let T(K*/F*) be the torsion subgroup of K*/F*. In this paper we will determine the structure of the group T(K*/F*) in case K = F(a) where a is a root of irreducible x m -a e F [x] and char F\m.
In particular, we shall prove the following:
THEOREM A. For a positive integer q, let ζ q denote a primitive gth root of unity.
Let x m -a e F[x] be irreducible with root a and m = 2 n m 0 with m 0 odd. For p a prime let T p denote the p-torsion of T = T(F(a)*/F*).
Let η 2 n = ζ 2 n + ζ£. Define N to be the largest integer, if such exists, so that 7} 2 
The following questions concerning the group T(K*(F*) have already been examined for various extensions K/F:
(1) Let M be a subgroup of T containing F* such that M/F* is finite. When is it the case that [M: F(M) : F]Ί Kummer theory [6, p. 218] says that this equation holds when the exponent of M/F* is m and a primitive mth root of unity ζ m is an element of F. Besicovitch [1] , Mordell [9] , and Siegel [13] found necessary and sufficient conditions for this equation to hold in case the only roots of unity in F(M) are ±1. Kneser [5] has generalized all of these results by proving the 
The remainder of this paper is organized as follows. In § 1 we prove Theorem A using the theorem of Kneser above. Along the way, we will also characterize T p (F(ζ 2P 
Proof. The proof is obvious from Lemma 1.1 except for (b)(ii). The proof of the latter follows from (1 + ζ 2 β) 2 = ζ 2 n(r) 2 R + 2) and from the fact that 37^-1 e F.
•
The next result tells the complete story about the relationship between the order of an element and its degree in the extreme case when the two numbers are relatively prime. We will use the following result.
1.3 [3] or [10] ). Suppose aeK and o(a) = [αί 7 *:
ΓΛew ae ζ 0{a) F*, i.e., α is "essentially" a root of unity.
. We claim that (n, m) -1 entails m odd. For if m were even, then n would also be even contracting (n, m) -1. Thus m must be odd. We will prove the corollary by induction on the number of distinct primes dividing m. If m = p k , then it follows from 1.3 that We begin the proof of Kneser's theorem by deriving another result concerning the relationship between the order of an element and its degree. This is a sufficient condition for the two numbers to be equal, a result at the opposite extreme from the one just proved. LEMMA 
For every prime p dividing o(a) suppose that ζ 2p ί F(a)\F. Then [F(a): F] = o(α).

Proof
The next result is of a more general nature; under certain conditions it characterizes the p-torsion group of an extension given by adjoining radicals. The proof is a modification of Kneser's [5] . 
Proof. Let <yT £ F(ΛQ* so that Λ^jF* = T P (F(N)*/F*). Since
,yV\F* is an abelian p-group, there exists a sequence of subgroups F* = N Q £ N, £ £ ^T such that [A^: iV,_J = p. Consequently, for every i, there exists β* e N^N^ such that /Sf e JV^.
We claim that for all n, [F(N n • Just as Lemma 1.6 considered the p-torsion group, so does the following theorem consider the whole torsion group. 
(F(M)*/F*) = T P (M/F*).
Thus, let βF* e T P (F(M)*/F*).
) = F(ζ 4 ) -F([/~a) in case p = 2 and k ^ 1; (b) T p {F(a)*/F*) = <a"*F* 9 T p (F(ζ 2P ΠFηy ; (c) (a m°F *) Π T p (F(ζ ip )*/F*) = F* if p is odd; (d) (a™»F*y Π T 2 (F(ζ A )*/F*) = (ζ<F*) if p = 2 and k ^ 1.
Proof, (a) Let
Proof of Theorem A. We only need to prove (c). If N < °°, let 6 = max (n, N), a = min (n, N). Then (ii) and (iii) follow from Lemma 1.11 (a) and Theorem 1. Let & -{p: p prime and ζ p eF}. For an integer n let ά?(n) be the set of primes dividing n.
In general, the group H = ({ζ q e F(a): 0{q) Π 3? = Φ)F*) of Theorem A can be quite large. For example, if F is the field of real numbers and a = ζ 4 , then H = <{ζ/. q odd}F*>. However, if F is an algebraic number field, then H is a finite cyclic group. Henceforth, we assume F is an algebraic number field. Thus we have H = (ζ q F*) for some q satisfying 0{q) Π 0* -φ. In fact, H = Z q . We can show more: Let S denote the set defined by q e S iff (1) F(ζ 4q ) ) is the splitting field of an irreducible binomial; ( 3 ) if ζ r e F{ζ q ) (respectively, ζ r e F(ζJ) and ^(r) n 0 = Φ, then r\q. Then we can prove the following. . The group of x ι -a is abelian so that, by a theorem of Schnizel ([12] , Theorem 2) and the fact that ζ±£F(a)\F, its Galois group is also cyclic. Thus K is the splitting field of x n -α. (β, &*) . Because the number of solutions to φ(x) g χ Q for fixed x 0 is finite, the set S^ is finite and thus L is an algebraic number field, (φ is Euler's ^-function.)
Choose p to be a prime so that x s -p is irreducible over L(V β). Then we claim that x sn -bp n is irreducible over F. We will prove the claim by showing that the degree of a root is sn. Let 7 be a root with 7 s = βp. Then 7 is also a root of x s -βp over L(Mβ). Furthermore, there exists a root 7 of F(β) : F] = n, the degree of 7 over F is sn. This proves the claim.
Now let ζ k eF(j).
Then by the definition of L, ζ k eL.
This completes the proof of the lemma.
• Our final result is a characterization of the set S. PROPOSITION 2.3. (1) If r,seS and &>(r) = ^(s), then r = s. 
], ^(m)Q^Q^(n).
Hence, since m > n, we have fiUfiFiWSTO.
Thus also F(ζ< p ) ΓΊ F(ζ n *) ^ F(ζ 4 ). But the number of primes p so that the latter occurs must be finite since where $ e S, g o | 9 with F(ζ Qo ) -F(ζ ? ), ^(m^?)) £ ^V^g and m 2 (g) | m(g). The case ζ 4 ί ί 7 is similar (modulo 2!). See [2] for details and proof.
We conclude with some examples of the set S for various algebraic number fields:
(1) F=Q, S={1,3} (see [7] ); (2) F= Q(ζ 4 ), S = {1, 3, 5} (see [14] ); ( 3) F= Q(ζa), S = {^7} (see [2] ); _ (4 ) F = Q(l/(5 + l/ 5 )/2). Since Q(ζ 5 ) -Q(ζ 4 l/(5 + V 5 )/2), it follows that jP(ζ 4 ) = F(ζ ΰ ). Thus x* + 36 is irreducible with splitting field F(ζ 60 ) = F(ζ 15 ). Hence S = {1, 3, 5, 15}. 
